ON THE PENTADELTOID*

BY

R. P. STEPHENS

INTRODUCTORY.

In his Orthocentric Properties of the Plane n-Line, Professor MORLEY }
makes use of a curve of class 2n — 1, which he calls the A?*~'. Of these
curves, the deltoid (» = 2) is the well-known three-cusped hypocyeloid ; but the
curve of class five (n = 3), which I shall call Pentadeltoid, and more frequently
represent by the symbol A, is not so well known, though its shape and a few
of its properties were known to CLIFFORD . I shall here prove some of the
properties of the pentadeltoid. My purpose in presenting this curve is two-
fold: 1. the discussion of a curve of many interesting properties; 2. the illus-
tration of the use of vector analysis as a tool in the metric geometry of the plane.

The line equation of a curve is here uniformly expressed by means of con-
jugate coirdinates,§ while the point equation is expressed by means of what is.
commonly called the map equation, that is, a point of the curve is expressed as
a function of a parameter ¢, which is limited to the unit circle and is, therefore,
always equal in absolute value to unity. Throughout I shall consider y and
as conjugates of o and «, respectively; that is, if X" and Y are rectangular
coirdinates of a point, then

r=X4+iV,
y=X—1F,
and similarly for « and .||

Some of the properties of the curves of class 2n — 1 and of degree 2n, easily
inferred from those of the A®, are also proved, but there has been no attempt at
making a complete study of the general case.

§ 1. The construction of the curve.

The line equation of the pentadeltoid, as given in Professor MORLEY’s
article referred to above, is of the form

* Presented to the Society December 30, 1905. Received for publication September 15, 1905.
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CHat'+at +yt? +b0t+1=0,

where ¢ is a turn and @ and b are conjugates. For a fixed value of ¢, this is
the equation of a line; but, as ¢ describes the unit circle, this line envelopes
the A%

The equation may be written in the form

For varying ¢, x, describes an ellipse with center at the origin; hence the A® is
the envelope of a line with clinant — 1/¢ which passes through the point

. . b

.l)l = — - ?
as t varies. Or, putting it more concretely, we may say that if a straight edge
be attached to the generating point of an ellipse and given the proper rotation
about this point, its envelope will be a A®

The ellipse can best be generated by means of the instrument commonly called

the ellipsograph. The desired rotation of the straight edge can be secured by
cog-wheels, properly geared. In the figure 14, suppose the segment A B of
length 2 be allowed to move with its extremities always in the perpendicular
lines 4O and OB, then the point M, the mid-point of 4B, will trace out a
unit circle. At any instant in its motion in a positive direction about O, let
M be at 7°; then, if MP in absolute value is 4, we have for the point P, since
it revolves about A/ in a negative direction at the same rate as M about O,

» o= 72
@ =T 4

S

Centered at 4 on beth A and A O is a cog-wheel C,, which is so attached
that its only motion is horizontal translation along 4 0. Centered on AB is
another cog-wheel C,, which moves with 4 B, but also may rotate about P as
a center. These two cog-wheels, (', and C,, whose diameters are in the ratio of
3 to 4, are connected by the small cog-wheel C. The line ! passing through 2
rotates with C,.

As OM moves positively through an angle 6 (a turn 72), the cog-wheel C,,
owing to the motion of A, rotates with reference to the fixed plane through a
negative angle — 8; but, on account of its connection with Cj, it is turned in a
positive direction 16, which leaves it with a resultant rotation — 16, or a turn
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1/1/7. Hence, if the clinant of  was initially — «, it is now — «/7. There-
fore, since  goes through the point

Fia. 14.
:vl=-r’+%,
its equation is
K ! (1 .
m-r‘,;?/=(7'2+1—,z)+;(?+1"2)’
or putting
it=1T and ta = «,

we have, as the equation of the line 7,
(1) C+aut' + 28 +ayt® + pt + a=0,

where ¢ and a are turns and u is real and positive. The two constants here,
a and u, are of the same effect as the two conjugates, a and b, used above, so
this new equation is just as general as the first form.

If, in the mechanism described above, a cog-wheel C; be used for C,, that
is, if cog-wheels whose diameters have the ratio 5 to 4 instead of 3 to 4 be used,
the equation of the curve will have the form
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pt* + at* + 2 + ayt? +t + ap = 0.

The advantage of this double description is easily seen. I1f x = 0, then the
first form becomes
C+at+ayt? +a=0,

which, as ¢ varies, envelopes the curve called by Clifford the five-rayed star,
but which I shall call a regular A%. However, if 4 = 0 in the second form, we
have

at® + xt* + ayt +1 =0,

which is the line equation of the deltoid. So with the two combinations of cog-
wheels, which can be adjusted in the same mechanism, we can get all shapes of
the A® as it varies from the five-rayed star to the deltoid.

The diagram of Fig. 1B shows the instrument with which the curves in the
other figures were described.

§2. The equation of the curve.

The A* as here treated has the equation
(1)  +apt +at’ + ayt® + put +a=0.
If we divide this equation by ¢* and then differentiate as to ¢, we shall obtain
the map equation of the curve. Thus

) 2a
(2) w=—(3t'+2ap.t—::—t3),

where ¢ is the variable turn. Evidently for any given value of ¢, (2) is that
point of the curve at which the line (1) is tangent.

From equation (1) it is seen that from any point o there are five tangents to
the curve; that is, it is of the fifth class. By substituting = and its conjugate
from equation (2) in the equation of a line, we obtain a sextic in ¢; hence the
curve is of the siwth order.

Again, since the sum of five turns can never be greater in absolute value than
5, it is seen from (1), that if 4 > 5, there is no point of the plane from which
five tangents, all of them real, can be drawn to the curve.

Whenever reference is made to the general case,* the equation of the curve
of class 4n — 1 will be assumed of the form :

a4 o 4 aa, g aut™ P ot

+ ayt™ ' opt 4 D bt 41 =0

*F. MorRLEY : Transactions, loc. cit.
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and of class 4n 4 1:
t4n+l + aal t{n + aztlu-—l + e apt2n+2 + wt2n+l
+ ayt™ + pt ' 4. tab,® + b0t +a=0,

where a and ¢ are turns, p is real, and @, aud b, are conjugates. These forms
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are derived in a manner analogous to the case of the A®. The curve A7, for
instance,
U+ a,t® +af +ot' +y®+ 0,8 +0t+1=0,

can be written in the form

2 bz 1 bl 2 1
tw+y=—t alt‘-i-z.—,-i-ii - ‘t2+(l2t+t ’
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obviously a line through the point

2 bz 1
r=—1 qt +t2 +i‘ .
By a proper choice’of a unit circle, one of the two complex constants, @, snd b,,
can be made real, then we have

1
z= —(at’+%+?),

where u is real. The A7 is, therefore, the envelope of a line through this point
as ¢ varies, provided the line be given the proper rotation about this point.
Owing to our change in the unit circle, we must take account of the initial
inclination of the line and so must introduce a constant turn, a. Therefore
the equation of the line is

w1 b s
e + ay = — ¢ atz+t’+t‘ —a t2-+p.t‘+t .
This may be put into the form

at’ + at® + aut® + xt* + ayt® -+ wt® + bt + a =0,

a line which for varying ¢ envelopes the A’

So in general we can replace one of the complex constants of the A>~!. when
in the form given by Professor MORLEY, by a real number and a turn,.and thus
obtain the general equations as given above.

§ 8. Perpendicular tangents.

If equation (1) is a tangent to the curve, then obviously the tangent perpen-
dicular to it is obtained by putting — ¢ for ¢ in (1). Thus,

— P+ out — ot + oyt —pt +a=0.

The point of intersection of these two lines is

(3) w=—(t2+;§),

which for varying ¢ is an ellipse, in fact the same ellipse which appeared above
in the construction of the curve. Hence, perpendicular tangents of @ A® inter-
sect along an ellipse.

This ellipse, the orthoptic curve, has its center at the origin and its foci on
the axis of reals. For u = 0, it becomes the unit base circle and for p =1, it
becomes the scgment of a line. For convenience, I shall refer to the center of
the orthoptic curve of the A® as the center of that A”
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That this ellipse is tangent to the A® can be shown in this way. The clinant
of the tangent to the ellipse at any point is

dx
de dt t'—p
dy~ dy” pi—1
dt
Evidently, one of the two perpendicuiar tangents to the A® which intersect on
the ellipse will be tangent to the ellipse at that point of intersection, provided
its clinant equals the clinant above, that is, if

tt— a
4) utt I{'l-.:—»t, or C+out' —pt —a=0.

There are therefore five common tangents of the A® and its orthoptic ellipse.
Now the points at which a common tangent touches the two curves have the
same parameter ¢, and hence coincide if

o

2 "_‘f_ 2 _"'_a
t+t2_3t+2ap,t e

This reduces to
C4autt—ut—a=0,

which is condition (4) above; so a common tangent touches the two curves in
coincident points. Therefore, the A® touches its orthoptic ellipse in five points.
(See Fig. 2.)

In an exactly similar manner, the corresponding theorem may be proved for
the A?-', that is, the A™! is tangent to its orthoptic curve in 2n — 1 points.

From (4), it is evident that at least two of the common tangents become
imaginary for x> 5. This is a sufficient but not a necessary condition for
imaginary common tangents.

The general contact theorem above could have been stated otherwise, thus:
the A" has 2n — 1 tangents which are also normals not only to itself but
also to its orthoptic curve. The equation giving the parameters of these
normals in the case of the A® is the result of substituting — ¢ for ¢ in equation
(4); it is therefore
) t—autt —put +a=20.

If we subtract this from equation (1), the line equation of the A®, we obtain
Qapt’ + xt? + ayt + 2u =10,

the line equation of a deltoid whose map equation is

r = —2p(2at—-},)-
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From this it is seen that the five tangents of a A® which are also normals to
itself and its orthoptic ellipse touch a concentric deltoid.

Fia. 2. Pentadeltoid when 1 =.2.

In a similar manner, the 2n — 1 tangents of a A*™" which are normals com-
mon to itself and its orthoptic curve touch a concentric A>3,
If equation (5) be added to (1), then

20 + wt® + ayt’ + 2a =0,

m=-—-2(3tz—gf-!)s

or

t3

the equation of a regular A®, which is independent of u. Heuvce, the five tan-
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gents of a A® which are normals comwmon to itself and its orthoptic ellipse
touch a concentric reqular A®; and such normals, for a system of A¥s having
the same a, envelope the sume reqular A® for a varying w.

There is an interesting generalization suggested by the numbers required to
determine the orthoptic curve of the deltoid and the pentadeltoid. In each case
the number of points of contact of the orthoptic curve and the A® or A® is just
sufficient to determine the orthoptic curve. That this law holds in general is
easily proved. Consider a curve of class 4n — 1 given by

at™' + a t" 7 + aa, t" P4 - 4 apt™ ! ot 4 ayt™ ' 4 .- 4 ab t+ 1=0.

Its orthoptic curve is obtained just as was that of the A*. It is

P a 1
T = —(al'r +a,m™ "4+ 4 a2"_3-r+-;+ ”'+F)’
where 7 = t*. This is a curve of order 2n. In counting its constants we must
remember that the base circle requires four constants and that each complex
number carries with it its conjugate. Hence, the numbers for the orthoptic
curve are:

Base circle 4 constants,
2n —3 +1
Constants a,, a,, a,, ---, @,,_,, 2 [—“T‘i— ] =2 -2 « ,
2n — 4
Constants b,,b,,---, b, _,, 2 [—2——] =2 —4 «
Constant 4, 1« ,
Total 4n — 1 constants.

But we have seen that 4n — 1 is the number of points of contact of the A™~!
and its orthoptic curve. In a similar manner, the curve,

thn-i-l + aal t-in + azﬁn-—l + e + a#t2n+2 + wt2n+l
+ ayt2n + 'ut!.'u—l + et blt—"' (1=0,

has for its orthoptic curve
n n—1 ! bl
= T+ a7 bt @y, T 'r+'“+'r" ’

a curve of order 2n. Counting the constants here as in the other case, we find
4n + 1, which again agrees with the number of points of contact. Therefore,
in general, the points of tangency of a A™-' with its orthoptic curve are just
sufficient to determine that curve.

The degree of the orthoptic curve of the A*~'is the same as that of the
orthoptic curve of the A“+'— each is 2n. But in all cases the numbers
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necessary to determine the A*~' are just one more than those required for its
orthoptic curve. In the equations given this extra number is . From this
comes an important theorem: Connected with the orthoptic curve of any A™!
is a singly infinite system of A™~"s, all having the same orthoptic curve.

For the A®, this last theorem is seen directly. The inscribed ellipse (3) is
obviously independent of a, and hence there is a single infinity of A%s, each
of which touches the sume ellipse in five points.

§ 4. Nodes and their locus.

In a previous section it was pointed out that there are, in general, five
tangents to a A® from any point of the plane. From a node, however, two
pairs of tangents coincide and so there are only three tangents. Hence, if

1) 4 opt 4+t 4oyt + pt +a=0

be considered a polynomial in ¢, with roots ¢, (where i =1, 2, ..., 5), then,
at a node,
t, =1, t,=1¢,.
Equating the symmetric functions of these roots to the coefficients of (1), we
have
2a'l+t=-—au., 20’lt+0";'+20'2=.)_;,

2—1+—=—;s oit=—a,

where

tt,.

t=t,, o=t +t,, g, A

If now we put ¢, = V't and k = V' — a and eliminate o, and o, from the third
equation by means of the first and fourth equations, we obtain

(6) Kt} — k*utd + ut? — k2 =0.

Or by eliminating o, and o, from the second equation, with the help of the first
and fourth, there results
(M 4 = — 3t} + 267t} + ' u? + 8{—-
1

Of the three tangents from a node, only one is not tangent at the node, this we
shall call the odd tangent. Then equation (6) gives the odd tangents. Evi-
dently there are, in general, five such tangents. If x> 10, at least two of
these tangents disappear.

Equation (T) represents a curve on which the five nodes lie. By means of
relation (6) it can be brought to a simpler form, viz.

© ¢
49—"—‘—#23 +(/-"2+5)t£+3,u.;'-
1 1
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Since it is always allowable to substitute one turn for another in the map equa-
tion of a curve, we can here put 7 = «/¢t, and thus obtain

. 3
(8) do = — pr + (W4 5)7 + 2.

This is the equation of a parastroid,* or parallel to an astroid, which is not

changed by varying a(= — «?); therefore, the locus of nmodes of the system

of A%’s having an inscribed ellipse in common is « concentric parastroid.
The line equation of this curve is

9) ! 2w73+( +5)7“ 2zr+1 0
T ——X -_— —_—— == .
( K # I l“/

Since the coefficient of 7% is a constant times the distance between a tangent of
the parastroid and a covresponding parallel tangent of its astroid, the shape of
(9) depends wholly on the value of u + 5/u. The curve is an astroid when
5 —
#+;=0, or p=1 =5,

but by hypothesis u is real, therefore (9) can never be an astroid. The curve
is tangent to itself, if

5
2o x2,
bt

but this equation again has no real roots. The real limitations of the curve (9),
however, can best be seen from the equation giving the parameters of the cusps,
which is obtained on equating to zero the derivative of . as to 7 in equation (8).
Itis

Bur* — (p* +56)7 +3u=0.

Two cusps coincide when this has equal roots, that is, when

(¥ —1)(u*—256)=0,
or
/“'=1a ”’=5'

So there are 5 cusps for1 < u < 5. For the limiting values, 1 and 5, the cusps
coincide by twos and we get the form  of the parastroid which closely resembles
an ellipse whose axes are to each other as one to two. For p> 5 and for
0 < g <1, the curve (9) has no cusps and varies in shape from the form just
mentioned (where u =1 or 5) to the circle (where 2 = 0 or oc).

*G. LORIA : Spezielle ebene Kurven, p. 651.
t WOLSTENHOLME’8 Mathematical Problems, p. 303.
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The odd tangents from the nodes, we have seen, must satisfy relation (6)
above. The clinant of any one of these lines is
a &

—_—— == =T

t= &

these turns having the same value as they had above. A clinant of a normal to
the node locus (8) at a node is

dx _Iz__[3/.rr‘ — (W +56)7 + 8u] 2
dy — [Bp—(w* +56)7 +8ur'] —

Since the odd tangent and the normal to the node locus at a node have the same
clinant and pass through the same point, they must coincide. So we may say
that the five odd tangents of any A® are normal to the locus of nodes of the
system of A”s which have an inscribed ellipse in common.

§ 5. Cusps, cusp loci, and cuspidal tangents.
The map equation of the A® is

u 2a
(2 m=—(3t2+2a,ut-—--t—2—-?-).

A cusp of this curve will be such a point, x, that for a change in ¢ there will be
no change in a; or, borrowing a phrase from kinematics. a cusp is that point of
the curve at which the generating point has zero velocity. The condition, there-
fore, is de/dt = 0. If the values of ¢ thus obtained are turns, then there are
cusps. From (2) we get as the cusp equation

(10) 3t + aut! + pt + 8a =0,

the roots of which are, in general, turns; hence we say the A® has five cusps.
If, however, u > 15, at least two of these cusps must disappear.
If equation (10) be subtracted from three times equation (1), we get

2aut® + 3xt* + 3ayt + 2u =0,

3w = —2p(2at—:z>,

the equation of a concentric deltoid; that is,* ihe five cusp-tangents of a A°
touch « concentric A*. And in general, by a similar argument, we see that the
2n — 1 cusp-tangents of « A™"' touch a concentric A3,

or

*The proofs of these three theorems are due to Professor MORLEY, v. Transactions of
the American Mathematical Society, vol. 4 (1903), p. 8. The first two theorems are
given by CLIFFORD, loc. cit.
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If (10) be subtracted from (1), there results

2 — at® — ayt® + 2a =0,

m=v2(3t’— tff),

the equation of a concentric regular A>.  T'he five cusp-tangents of a A® touch
a concentric reqular A*. In a similar manner, the 2n — 1 cusp-tangents of a
A™-', determined by 2n constants, touch a concentric A*™~' determined by
2n — 2 rvonstants.

The cusp locus for the system of A®s, having the same inscribed ellipse, is
obtained by eliminating a between equations (10) and (2). Itis

(8¢ + p)(3ut' + 1)
Wt +3)¢  °

or

P = — 6tz +
or

o (37 + u)(Bur*+1).
(1) »=— 61+ P+ 3)7 ,

where 7 = ¢*. This is a rational curve of the sixth order. So then, the cusps
of « system of A”s having @ common inscribed ellipse lie on a rational curve
of the siath order.

The cusp-tangent of any cusp of the system is obtained by eliminating a
between equations (10) and (1). The result is

12) 2utt — (u — 8y )T + (py —32)T— 20 =0,
or
(18) 2u(—=1)—(p* +3)1e + (p + 87*)1y = 0,

where 7 = . What this line envelopes as a varies may be seen by the intro-
duction of Cartesian coirdinates, but a simpler method, though it is somewhat
artificial, is as follows: Take an ellipse in the form

n
(14) r=T —3;

The clinant of a normal to this ellipse at any point . is

dex
dx dr 87+
TdyT T dyT w4 ¥
dr

hence the equation of this normal is

2u(r' — 1) — (w7 +3)a7 + (37 + p)yr =0,



220 R. P. STEPHENS: ON THE PENTADELTOID [April

which is obviously the same as equation (13). Hence, the cusp-tangents of a
system of A%s having the same o¥thoptic curve are normals of a concentric
ellipse ; and, therefore, their envelope is the evolute of this ellipse.

This is the second ellipse which we have found common to the A”s of the
system.

§ 6. Some special cases.

I. Curve for p=1.

The particular pentadeltoid for which u = 1 stands out as a curve of special
interest on account of the behavior of its nodes and odd tangents. Here equa-
tion (6) becomes
(6a) k; — K+ 82 —*=0,
or

(6 — ) (st} +1)=0,

whose roots are obviously = « and the three cube roots of —1/x. But ¢; =1t

and «* = — a, therefore the first two roots are simply equivalent to { = — a in
the equation
(1a) Ctatt+at+ayl+t+a=0,

whence we have as the equation of the two odd tangents
r—y=0,

the axis of reals. In this case therefore two of the odd tangents coincide and

remain fixed as a varies. In fact, by patting =1 in equation (4), we find

that two of the nodes are the fixed points &= 2, whatever the value of .
Putting the three other roots of (6a) into the equation of the curve on which

the nodes lie, that is in

I kT

we obtain
4r, =1 — 67 — 8 s
T

9.2
4w.,='r"‘—607—§?«,
2 T

3w

do = 7P — ot — o
X, =T o't — -,
where 7, w7, and o7 are the three cube roots of «'. Now the odd tangents
from these nodes are readily obtained, since a point and a clinant of each is
known. The clinants are
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Hence the tangents are :
1
&*r — Tz = 'r’ —_—
Yy °
2

w
22—y ="7— ,?

®
r— oty =1 — .

These three odd tangents evidently pass through the same point 7* and are
equally spaced. This may be stated thus:

When p=1, three of the odd tangents puss through a point and are
equally spaced. (See Fig: 3.)

F1a. 3. Pentadeltoid when u=-1.
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Since ™ = k' = a?, the point 7* is

which for varying a traces out the unit circle. The point o? is an equiangular
point of the triangle formed by the three nodes x,, ,, and 2,, and may be
shown to be the positive one. It follows that the triangle formed by the three
variable nodes is such that as a varies, its vertices trace out the pavastroid

(8¢) 4 =7 — 67 — i,

and its positive equiangular point moves on the unit circle.

From the point o’ there will be two tangents to the A’ other than the odd
tangents mentioned above. The parameters of these are obtained by putting
x = o’ in equation (1¢). In the resulting equation

1
2 2 3
(¢t +at+a)<t + a)—-_(),

the second factor gives the tangents already found. The voots given by the first

factor are
{, = wa and t,= o'a.

These values of ¢, substituted in (1«¢), give as the equation of the two tangents
wanted :

o

N 2, 2 @ » 2 @
rtey=a+ ., wtey=a+ ,,

two lines whose directions are independent of the value of a, and which, together
with the axis of imaginaries, form an equilateral triangle. As a varies, these
two tangents through the point o® but not through nodes move parallel to
themselves and together with the axis of imaginaries form an equilateral
triangle.

II. Curve for p=3.

This special case is of interest on account of its cusps and its cusp-tangents.
The equations giving the parameters of the cusps can be solved when u = 3.
For convenience, however, we shall take u = — 3, that is, revolve our curve
through an angle 7/2. Then equation (10) becomes

(100) 3(—att—t+a)=0,
or

(¢ —1)(t—a)=0,

of which the roots are a, ®=1 and *i. The cusps are obtained by putting
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these values of ¢ in the map equation of the curve (2) when u = —38. Thus
the five cusps are:

' 2
x,'= 3a a2

x,=6 — 8a, x, = — 6 — 8ia,
x, =6 4 8a, , = — 6 + 8ia.
The cusp-tangent at the cusp «, is found by putting ¢ = — a in the line equa-
tion of the A®, that is, in
(1%) ¢ —3Batt + wt* + ayt’ — 3t + a=0.
It is

1
w+y=2(a2+az)9

a line which is always parallel to the axis of imaginaries, since its clinant is
independent of a. The cusp itself, as a varies, traces out an ellipse whose
equation is

1
x=8a%— az,
which is recognized as the inscribed ellipse (3) when u = — 3. Hence, when
u= —38, one cusp of the A* moves on the inscribed ellipse, while the cusp-

tangent is always perpendicular to the axis of reals.
The cusp-tangents at x, and x, are*

v+ ay =2 + 2a, z—ay =2 — 2a,

two lines which are perpendicular to each other, and which always pass
through the point 2, whatever the value of . From the values of x, and w,
given above it is evident that the two cusps themselves move along a circle of’
radius 8 with center at the point 6, us a varies; in fact, they are opposite
extremities of a diameter of this circle (see Fig. 4).

In a similar manner it is found that the other cusp-tungents are

r—ilay = — 2 + 2ia, x + lay = — 2 — 2ia,

two lines which pass through the point — 2, and which are perpendicular to
each other, for «ll values of a. These two cusps are opposite extremities of a
diameter, tracing out the circle of radius 8 and center — 6, (see Fig. 4).
When u = — 3, therefore, the five cusps trace out the curves:
* *Obtained by substituting ¢ = & 1 in equation (1b).

Trans. Am. Math. Soc. 186
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2 1 1
x = 3a — g an ellipse ;

x=0648a... acircle;
x=—6 4 8a-... a circle.

The ellipse (14), to which the cusp-tangents are normal, here degenerates into
the segment
(14d) =T+ 1

”;_,

to which one cusp-tangent is always perpendicular, and through the extremities
of which (the points == 2), the four other tangents pass in pairs.

Fic. 4. Pentadeltoid when p =—3.

§ 7. Three ellipses common to the system.

Two ellipses which are common to all A¥s of the system (1), have already
been found. The first is the orthoptic ellipse

®) w=—(t’+—;),
or

$=‘T+l—:

.
’
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the second is an ellipse to which all the cusp-tangents of the system are normal.
The equation of this second cllipse is

(14) w='r—;§-.

T

A third ellipse arises in the following manner: A line cuts the A® in six points,
whose parameters are found by substituting in the equation of a line,

gty —1=0,

values of  and y from the map equation of the A%
b 2a
€Xr = — (3t2+2a#t—-’t2—‘is).
Thus a sextic in ¢ is obtained, whose equation is

— 2160 4 (88 — wn)t® + 2oubt' + & + 2 & + (31 — )t — 20 = 0,
which may be represented symbolically by the form

(yt+a,)° = (Bt+8,)=0.

The six roots of this sextic will be a self-apolar set if

(alﬁz - azﬂn)6= 0.

Putting the coefficients of the sextic into this apolarity condition, we obtain

4fn — 31 (8E — pn)(8n — pE) + u'nE — F =0,
or

(15) 4(5E+ pn)(5n + pE)=1,

the line equation of a conic. Since £ and 7 appear symmetrically, the curve is
symmetrical with respect to the two axes and its center is the origin. Hence
by making & = 7, we find the points in which the conic cuts the real axis.
They are == (5 + u). Similarly by making £ = — 7, we have the intercepts on
the axis of imaginaries. They are == {(5 — ). These four points are actual
intersections, therefore the conic is an ellipse whose map equation is easily seen
(from its intersections on the axes) to be

(16) z = b7+ L.

The geometrical significance of the parameters being self-apolar is that the
tangents of the curve at the six points on a line cut the line at infinity in six



226 R. P. STEPHENS: ON THE PENTADELTOID [April

self-apolar points. Hence, lines which cut the A® in sic points, the tangents at
which cut the line at infinity in a self-apolar set, envelope a concentric ellipse
which is the same for all A”s of the system having « common inscribed ellipse.

In general lines whick cut @ A™ ' in points whose parameters are a self-
apolur set envelope a concentric ellipse. This ellipse is not the same, however, for
each A™~! of the system having the same orthoptic curve if »>38. If u=0,

then (16) becomes
&= 5'1‘,

the equation of a circle through the cusps. If wu =5, equation (15) becomes
the equation of the two points =+ 10, through which we have two pencils of

S
Ve

/

-
(=]

F16. 5. Pentadeltoid when p=:5.

lines cutting the A®in six points whose parameters ave a self-apolar set (see
Fig. 5).

This third ellipse of the A® is the same as the second ellipse of the evolute
of the A® This can be easily shown.

A normal to the A® is evidently

ot 4 ot — 2 (362 _A_2a) 2(3 W _ o 2
—.:,t+a3/t_t(3t+2apt t”t") at ‘t2+at ut <)

whence

@an 5¢* + Baut! + xt* — ayt? — 3ut — 5a =0,

the equation of another A®, whose orthoptic ellipse is
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and whose second ellipse is

= — 2 M . I
@© = (5t+t2), or .n_5'r+'r.
Comparing this with equation (16) we see it is the same as the ellipse which we
have called the third ellipse of the original A®; thus the theorem is proved.

Incidentally, we have proved above that the evolute of a A* is another A®.
So, in general, the evolute of a A~' is another A™'.

JoHNs HoOPKINS UNIVERSITY,
March, 1905.



